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In this article, we investigate special Smarandache curves with regard to 
Sabban frame of involute curve. We created Sabban frame belonging to 
spherical indicatrix of involute curve. It was explained Smarandache curves 
position vector is consisted by Sabban vectors belonging to spherical 
indicatrix. Then, we calculated geodesic curvatures of this Smarandache 
curves. The results found for each curve was given depend on evolute curve. 
The example related to the subject were given and their figures were drawn 
with Mapple program. 
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1. Introduction and Preliminaries 


The involute of the curve is decent known by the mathematicians especially the differential geometry 
scientists. There are many essential consequences and properties of curves. Involute curves examined 
by some authors[3, 6]. Frenet vectors of a curve were taken as the position vector and the regular curve 
drawn by the new vector is identified. This curve were called the Smarandache curve [10]. Special 
Smarandache curves examined by certain writers [1, 2, 5, 7, 8, 9]. K. Tasképrti, M. Tosun studious 
particular Smarandache curves belonging to Sabban frame on S$? [11]. Senyurt and Caliskan 
investigated particular Smarandache curves belonging to Sabban frame of spherical indicatrix curves 
and they gave some characterization of Smarandache curves [4]. Let a: 1 9 E * be a unit speed curve 
and the quantities {7,N,B,«,7} are collectively Frenet-Serret apparatus of this curve. The Frenet 
formulae are also well known as, respectively [6] 


T'(s)=k(s)N(s), N'(s) =—K(s)T(s)+7(s)B(s), B'(s) =—1(s)N(s). (1.1) 
Let a :1 + E> be the C’-class differentiable curve and iT (5), (s),B (Ss), K (s),7, (s)} is 


Frenet- serret apparatus of the a involute curve, then [3] 


T =N, N =—cosgI +sin @B, B = sin gT +cos gB. (1.2) 
where 4(W, B) =@. For the curvatures and the torsions we have 
ee pee 4 ss Casas Le (1.3) 
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Let vy: T5S * be a unit speed spherical curve. We symbolize s as the arc-length parameter of 7 . 
Let’s give 
(8) =7(s),t(s) = 7'(s), (8) = (5) At(s) (1.5) 
{v(s),t(s),d(s)} frame is denominated the Sabban frame of y on S > The spherical Frenet formulae 
of 7 is as follows 


y(s)=t(s), (9) =-7(s) +K,(s)d(s),  d'(s) = -K, (5)t(5) (1.6) 


where K, is denominated the geodesic curvature of the curve 7 on S* which is 
k,(s)=(t'(s),d(s)) [11]. (1.7) 


2. On The Sabban Frame Belonging To Involute-Evolute Curves 


In this section, we investigated special Smarandache curves such as created by Sabban frame, 
vpta. T aig }; tN Ty NI ATy. } and VB ote B AT }. We will find some results. These 


results will be expressed depending on the evolute curve. Let’s find results on this Smarandache curves. 
Let a, (s)= T (s), a (s)= Ny. (s) and a, (s)= B (s) be a regular spherical curves on S*. The 


1 1 1 
Sabban frames of spherical indicatrix belonging to involute curve are as follows: 


T=T, T,=N, Tag, =B, (2.1) 
1 1 1 1 1 1 1 
N = N. Ty = —cos pT +sing B, N AT, = sing T +cos@ B,, (2.2) 
1 1 
B =B., T; Sal 6 BAT; =f; (2.3) 
1 


1 


From the equation (1.6), the spherical Frenet formulae of (T'). (N iS and (B ) are as follows, 


respectively 
T T 
T'=T,, T,'=-T+—-T AT,, (T AT, )'=-—T, , (2.4) 
: 1 1 : K : 1 : 1 Ko 
| ?, 
N'=T,, Ty my, +7— N’ Dag , (N AT, )=-7Tt, > (2.5) 
’ aa hr : T w 1 
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Using the equation (1.7), the geodesic curvatures of (T ), (N 2 and (B) are 


ao qe eeree, oe (2.7) 


Definition 2.1. Let (T ) spherical curve be of a T and 7, be Sabban vectors of (T ). In the fact 
rl 


fi, -Smarandache curve can be identified by 


Bi=(7 +T, i (2.8) 


Theorem 2.1. The geodesic curvature according to £, -Smarandache curve of the involute curve is 
4 


Ki = (ra +7 A, +2« A), (2.9) 
(2% + ae 


where coefficients are 


E(B} 2) 
A= 2 1 a 1 1 ; A= 2 3 1 1 1 1 F 
eS OF ka SS a se a ae (2.10) 


1 
Proof: £,(s)= alt +T,. ) or from the equation (2.1), we can write 
1 


~(r +N). (2.11) 


f(s) == 73 


If taken derivative of the equation (2.11), T;, vector is 
1 


j2x. +r" 


Considering the equations (2.11) and (2.12), we have 
rT -1.N +2 B ), (2.13) 
1 1 1 1 


1 
(B, AT; On eae a 


Using the equation (2.12), T,' vector is 


Ts) = 


( kT +KN +7.B ). (2.12) 
11 1 1 1 1 


V2k * 
T,'(s) = (4 +A,N +A,B a (2.14) 
(2x 2427) 


From the equation (2.13) and (2.14), Ki geodesic curvature of /,(s) is 


4 


A aa 
ft = (7 A471, +2« A) 


(2«, _ r” ij 
Corollary 2.1. The geodesic curvature belonging to (, -Smarandache curve of the evolute curve is 
6 
W = 
Kh = Tg, + Ao “ie (2.15) 
rT rs 
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where coefficients are i 
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Proof: From the equations (1.2) and (2.11), we calculate 
B(s)= sz (cose +N +singB), (2.17) 
If taken derivative of the this expression, T, vector is, 
T= Q sada, il hale ee Aalid Bay (2.18) 
V2[ +e" y2 I + 9° V2 |W] +9" 
If made cross product from the equations (2.17) and (2.18), we have 
BATp ie 2||W sing + goose. Q n+ 2lWlleosp-@ SD (2.19) 
4|w|P +20” J4 wf +2¢” 4 |W +207 
From the equation (2.18), qT, " vector is 
2 wi (Assin p-As cos gN2 |i Aine, nv We (As cosp+Ar sin p)N2 B. (2.20) 


i QW +9°y oli Q|wli +9") 


If made inner product from the equations (2.19) and (2.20), Ki geodesic curvature is found like 
equations (2.15). 
The proofs of the subsequent theorems and corollaries belonging to £,, B;, 8 ci? B cy? B 5 B e > B e 


and £ Eo Smarandache curves will be similar to the theorem 2.1 and corollaries 2.1. 


Definition 2.2. Let (T ) spherical curve be of a T, and T AT, be Sabban vectors of (T ).In 
I \ 


the fact (2, -Smarandache curve can be identified by 
1 

B,(8) == 

waane 


. . . 1 
Theorem 2.2. Let a be involute of @ . The geodesic curvature and belonging to B,(s)=—-(N, +B), 


V2 


(I, +T AT; ). (2.21) 
1 1 


£, -Smarandache curve of involute curve is, 
B. kK; 
Ke = 20 eth, (-e, + €;)) (2.22) 
(x, +27)? 


where coefficients are 


& 743 gira ore ore eae Tyo te eae 
6 = +2) +2)" ), & = 1-3-2 OO, & = 2 + ON. 223) 
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Corollary 2.2. Let a be involute of a@. The geodesic curvature belonging to 


B, = = ((sin @—cos g)T + (sing+cos@)B) £, -Smarandache curve of evolute curve is, 
4 
i? = ee A + |W|(-e2 dbs ) (2.24) 
(wi +2@') 
where coefficients are 
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Definition 2.3. Let (T ) spherical curve be of a T , T, and T AT; be Sabban vectors of (T ). 
1 1 


In the fact 2, -Smarandache curve can be identified by 
£8) = 

s)=—= 

WB 


Theorem 2.3. Let a be involute of @ . The geodesic curvature belonging to # (s) = lo +N +B) 
3 1 1 1 


V3 


(T. + sf + T A fo ) (2.26) 


#; -Smarandache curve of involute curve is, 


4 
K 
Kis = SSS eee —K A —(K, +7), +(2K, —T Js) (2.27) 


AJ2(x° HK T ee 
where coefficients are 
a T T T T 
g =-2+4(4) -(+) +24) +(4)'2 + -D), 
K K K K 


kK 
1 1 1 1 1 


T Fi T T 
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T T T 
o, = 2(+) S4ery pay D6 ‘1 Vay Os) (2.28) 
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Corollary 2.3. Let a be involute of a@. The geodesic curvature belonging to 


B;(s) = 5 ((sing—cos @g)T + N +(sing+cos@)B), 2; -Smarandache curve of evolute curve is, 


kK 


wil 7 = = 
By _ || = ((29'-|WI)d,-(|W|+ 9d. +2|W]-9)05) (2.29) 
4./2(|W| +9" |W|]+07)2 


where coefficients are 


 =-2+4( +4 “492 4(P _ P ) 
ww [ ‘i mr u a 
by =-24+ 2) -4 7? + (2-7-2 y+ Z) 
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b, = 2-4 7 447 79 4 Q-_# (2.30) 
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Definition 2.4. Let (N 2 spherical curve be of a N - T, be Sabban vectors of (N ). In the fact 
1 


B ; ~Smarandache curve can be identified by 
1 


B (s)= a, Ne (2.31) 


Theorem 2.4. Let a be involute of a . The geodesic curvature belonging to 


1 : 
B: (s)= pe pl +N _+sin PB ) B c, -Smarandache curve of involute curve is, 


p All 
A | (0 14-9) t, +2\W] x) (2.32) 


(2|\W,|° +(e? 


where coefficients are 


D2, (Py Pye P_ys_(M 
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| || lig mp” we wr (2.33) 
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Corollary 2.4. Let a be involute of qa. The geodesic curvature Sabban apparatus belonging to 
BE g'sing—.Je”? +|w|| OD |\w| ve 2 coset ye? + IMI Sita 
“1 29" +2|wIP 29" +2|\w|| 29" +2|\w|| 
B ; ~smarandache curve of evolute curve is, 
1 
Ps 1 = =e = 
kK, = 5 (1X1 -1X2 + 2%) (2.34) 


(2+n°)? 


' 


P yg 


where in the event of 7 =—— = —— 
12 
ye + (I 


I 
M=-2-P +0, X.=-2-39' - a =n, y= +P +17 (2.35) 
Definition 2.5. Let (NV 2) spherical curve be of a , T, and N 4 Ty be Sabban vectors of (NV ; ie 
1 1 


)'cos p(c—S) coefficients are 


In the fact £ ; ~Smarandache curve can be identified by 
2 
B, (= 
s)=—= 
on Lo: 


Theorem 2.5. Let a be involute of a . The geodesic curvature belonging to 


(Iy +N ATy ) (2.36) 
1 1 


B. (s)= sisi P —COSP MT +(sin P +Cosp )B ) B ; 7Smarandache curve of involute curve is , 
2 2 


4 
%6, Md 2.37 
K,? =—— = 29,4 -|w |. +], |) (2.37) 
(w,] +2@,»? 
where coefficients are 
T T T (5 T 
g=-2+4(4)-(+° +2(4)° +(y'2+-D, 
k k k k k 
1 1 1 1 1 
14 T T ©: T T 
g, = -2+2(+)-4(+y +24 -2(4)* -AY'4+ ), eae 
k k k k k k 
1 1 1 1 th 1 
T T © T T T 
@, = 2(+)-4(4° +4(4)° -2(4)* +(H’2-+) 
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Corollary 2.5 Let a be involute of a . The geodesic curvature belonging to 


B. (s)= @ +(Wp Bens . mid! N+ @ SIDES es. ps -Smarandache curve of 
2 29 +2||W]| 29? +2|W|| 29” +2\|W]| 2 
evolute curve is, 
Be 1 a - 
Ke a 3 (279, - 9) +93) (2.39) 
(2+7°)? 
where coefficients are _ _ 
0, = +21 +2n'n, $, =-1-3n° -2n* -', 6, = 9° -2n* +17. (2.40) 


Definition 2.6. Let (N 7 spherical curve be of a N i T, and N wh T,, be Sabban vectors of 
1 1 
(N ; ). In the fact B. -Smarandache curve can be identified by 
3 
B.()=5 
s)=—= 
= V3 


Theorem 2.6 Let a be involute of @ . The geodesic curvature belonging to 


(NV. +Ty +N wTy (2.41) 
1 


| eee ; 
B; (s)= aoe P, —COSP T, + N, +(sin P, +COSP )B ) Be -Smarandache curve of involute 


curve 1S, 


' 


62 Hpac Pape 5p, 
K3 = it | a [w, (2.42) 
4./2(1- PL ays 
wy FA 
where coefficients are 
2, 2, 2 2, 3 Q, ' 2, 
p, =-24+4( +) -( LY +20 LY + He -b 
Ml "l " P| 
pees ue Ly? +e y 2 yt (yas (2.43) 
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Corollary 2.6. Let a be involute of @ . The geodesic curvature belonging to 


5. (= Zz Dsing—Jo"+|WF cose, _ ow I_,,, +IWbeose+ Jo? +[w Ising , 
36" +3) 39° +3||w|f 39" +3|\wI 


B ; ~Smarandache curve of evolute curve is, 
3 


, Caer ye aM sine, 
30” +3\|W|| 
ae 7 (2n -1)p, +(-l-n)p,+(2—-n)p; 
D. 


& Ss 
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where coefficients are 
P, =-2+4n—4n? +27? +2n'(2n-1), p, =-24+2n-4y? +21’ -2n* —7'(1+7n) 
Py = 241? +417 — 24 + n'(2-n) 
Definition 2.7. Let (B) spherical curve be of a B and T, be Sabban vectors of (B ) . In the 
1 


(2.45) 


fact B ~ ~Smarandache curve can be identified by 
1 


1 
s)=—=(B +T, (2.46) 

B. (8) = TB, +T» ) 

Theorem 2.7. Let a be involute of a . The geodesic curvature belonging to B: (s)= ae N +B) 
1 2 : : 
B < ~Smarandache curve of involute curve is, 
1 
Be T a 
cS ___ (k @,—K @,+2r @,) (2.47) 


(27 +i) 


where coefficients are 


kK kK kK kK kK kK kK 
= -2-(+)° +(4)(), @, = -2-3(4-)? (4° -()"() 
T T T T T T T 
1 1 1 1 1 1 1 (2.48) 


K Be oo 
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Corollary 2.7. Let a be involute of @ . The geodesic curvature belonging to 


B A (s)= 7 ((cosg+sing)T +(cosg—sing)B, B a -Smarandache curve of evolute curve is, 
Be go" —_ _ 5 
k,| =—2& (wo ~@2) +29'@) on 
29” +\ WI")? 
where coefficients are 
pee (alr Wile a. WI. Wh. 
@ =—2 is oe are ~), @2=-2 ae Cy -C)') 
2, Wl, Wy -~ oe 
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Definition 2.8. a (B ) ae curve be of a T, and B iA T, be Sabban vectors of (B) In 
1 1 


the fact 8. -Smarandache curve can be identified by 
“3 


1 
Bs. (s)= te, +B At) (2.51) 


Theorem 2.8. Let a be involute of @ . The geodesic curvature belonging to 
1 
B » (== —N ), f£. -Smarandache curve of involute curve is, 
2 2. ! ! 2) 


Be r+ 
k, ? =——+_ FAKYW, — TY, +7 Ws), (2.52) 
(7° +2«*)? 
where coefficients are 
kK K kK K K K kK 
yY,=—+4+2(4)° +24) (4), w, =-1-3(4)° -2(4)* - 
T T T T T T E 
1 1 1 1 1 1 1 (2.53) 
kK kK kK 
= (by = 2( b+ (2 
z a t 
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Corollary 2.8. Let a be involute of @ . The geodesic curvature curvature belonging to 


B; (s)= z (cosgT+N-singB), £ a -Smarandache curve of evolute curve is, 
Ps pg re r ro 
K,? =——_ QW |v, -9'v.+ 9'V,), (2.54) 
' 205 
(p+ 2\|wI.)? 


where coefficients are 


a wl 


yh, 


Wh, 


A> odly_d 


me yo =-l AC 


(2.55) 


Ww Ww 
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Definition 2.9. Let (B) aoe curve ae of a. B , I, and B AT, be Sabban vectors of (B ) 
1 1 


In the fact B: -Smarandache curve can be identified by 
3 


1 
(s)=—=(B +T, +B AT, ) (2.56) 

Bs, V3 Ey ey 
Theorem 2.9. Let a be involute of ~ . The geodesic curvature belonging to 

1 ; 
Bs = Pica —N faa B ) B s -Smarandache curve of involute curve is, 

Bz 1 i is 
K,3 = 1 (2x, —T ie Ca +K )G, + (20, —K )o3). (2.57) 


4/2(c° +KT +R 2)2 


where coefficients are 


o> 2442 =) - + 2( a +( ae a 


a 


kK 
G2 = 2+ 26 “1 4( “Ly? 4 2( “Ly 2( ays ( “y+ 2 (2.58) 
T T tT T Tt T 
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Corollary 2.9. Let a be involute of a. The geodesic curvature belonging to 


B f, (s)= 5 ((sing+cos@)T + N + (cos g—sin @)B), Bs -Smarandache curve of evolute curve is, 
Be yg 
K,3 = = (2 [9 - P'S, -('+||W|)F.+2e'-|Wps,) (259) 


4/2(p" +9" |W||+|WI[? 
where coefficients are 


Z=-24ll,-altl, PM oy, Myo 

G1 = 2+ 4 B ge eo a =) a 7) 

z,=-ar2d¥- Aly «lM ad aa ae 2.60 
g 
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Example. Let us oe rn unit speed a curve and ae curve, respectively 


a 1. 2 1 4 
a(s)= [sin (21) - ra (87), rages (2) + 70° (8¢), 7gsin (31) 


2. i re 4 2 
a (8) = [Zsin(25) - apn tss) + at —s)cos (55).- 


cos(2s) + 750° (88) + (1 —s)sin (5s).—sin (3s)— : + 25), 
The Frenet vectors belonging to involute curve, a are found as follows; 
T = [ $oostss), sincss),—2) 
1 4 : 4. Te. 
N= { feos (8s)— 50s (25) sin (3s) — [sin (2s)+ sain (5) cos (3s), 
4. 1. : 4 1 
[- gsin(2s) + ssin(8s)] sin (3s) +cos(3s) [Zoos (2s)+ 3008 ()}.0} 


B [cos (35)( $oos(2s) - 5205(85) -sin(3s){ Zsin(2s) ‘ ssin(8s))) 
cos(3){ Ssin(2s) 7 ssin(8s)] + sin(35)( Ze0s(2s) : soos(8s)}.¢ 


According to definitions, we reach specific Smarandache curves belonging to Sabban frame of this 


curve. £,, B,, 2, B..» B.,° B.,. Bb.» B and B:, (see Figure 1,2,3). 


Figure 3: £ ., curve B ., “curve B , 7 curve 


3. Conclusion 


In this article, we reviewed the well-known involute and evolute curves in the literature. We 
have created the Sabban frames on the unit sphere of the involute and evolute curves. We got 
Smarandache curves from the Sabban frame and calculated the geodesic curvature of these 
curves. Finally, we have given an example and have driven their shapes in the Mapple program. 
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